
34.2CoespendanceCartierDivisousLinebunal
Let D aivi be a Cartier Divisor of
Then it there exists an open cover 42 4 of
such that Vi fi on V2 We can define

fa già M 142

and 748 never vanishes on Uanup
This means 4 Ma fai E ZLI Mfa

HA Ha
Conversely given Ma fall E N U Mp
then fa E 0 Man Upt and so

ordv Ifp ordulfal
This means we in elefine

D E ordrlfa.lv
i

FETIEN



Let D be a Carter divsor of D fala
then we can define

gap 0HamUp
We observe that

8ps già rap fi 2.7 1

so 3faphp.is a cosycle of HLX P X
We have censtruited a fuction

DiulXl MYX0
D fa hfap Yelp

Clearly this function is an hamorphism of
groups What is its kernel

Let D fol be such that gap734
is trivial on H 0 1
Then gap IS hip for he 21 0

1 kg faha hpfp on UnUp



Thus we consider the global meromorphicfaction

f 41ha fahall an

and we observe that
d'v17 E ordulf V D

Ifahal ordrifalu
We have obtained an exact sequence
of groups
o PD O X Lo DIVIX Pic IX A

HIHI MIMI

We are interested to understand when
the right map is surjective To understand
this we consider the exact sequence of
sheaves

0 0 ma M
0 o

which induies a long exact sequence in

cohomology



and so the exact seguente
HIX Pi IX M'IX me

As we can expect 8 is exactly the map
so that it is surgentive

H'CX 0 1 H'IX ma
is the trivial map

Theory Chen Kerr Lewis The sheaf of
nonvanishing merenouphi functions in the

projective algebraic case is Not acyclic

If is a smooth projective variety then
HYX 0 HYX ma

is trivial so

PICCXES I

Furthermore NYX MI o dim 1 1
so is aRiemann

Surfare
Warning In the folklore it was taken for
granted that for smooth progettive varieties
the factthat every the bundle comes fromadvisorof was a consequence of M X m o

his is FALSE unless is a Rieman Surfare
i e d'un 1 1



Def The equivalence relation induced by
PDio XI on Div I is called

linear equivalente relation
D D E D D drift for serve

globalmeron
fuction f

We finally have proved the following
isomorphisms of groups
invertiblesheaver O DI TI ED sheafof

1 Chalom settiens of
DI namelyTso TIMIDI 44mm ah IE umV

wherebuddisti Iso D LMa Ip iniqui p genany
abuseof and µ 7 XnotationPil I DI 412 4,3 749,14

DEMAIN

Example We have already studied the tautological
barelle of IP which is a line bualle with
cocycles 49 fior Uxs nuxi



We are interested to understand which is the

class divisor D associated to this line balle
Let us consider H 1 1 0 Uxi

Then the cocycles of H are 9s a Uxink

Thus the corydes of M are go en Uxing
We have proved that the tautological bundle of P

is H

Thy PICCP Z H where H is an hyperplane
section

Def On we always
have the canonical

bundle wx We say that DE DivX is

a canonical divisor if ED Wx
The Tofacannical dvisor in is

devoted by Kx

Example P was his cocycles olet 51407 on

Uxsauxi city
Thus Wpn 4 1 H



We need a constructive way to pass from a line
bualle 2 to an associate divisor D with DEL

Def Assume that I has cocycles saplap
A local meranorphi seitan of 2 on U is a

collection 4141121 Sah where so is

a meronorphi faction on Una and

Ip fissa a Un UanUp

To
any global meromorphic

section s if L
we can define the divisor

invariantby sa

divisi E'ordrisai

By construction we have divisi L

Given a line bundle L we can always construct a meromorphic
section

for which di si L Repgin if L hastransitionfunctions Sgpalpa on I Mah then fixedUp we define a global

meromorphic section 1 Ma sa 132of L
where salxi gapexforxevahteehie.fi nthdYrks

whygayismevo.amVa

Then eManu wehave spixigpy SpaSaf Spal _salvi
is a global moran formoff



Si P.FI7 IiitifITgue
we have
invertible sheaves of9 invertible sheaves of

Tso

f
I 77 inversely

iu u

buttston bullion Iso
E Y 1 FEX pullbackbullet

I
V

fasi
I Pullback

DIIYYPDiucyl ADKXYPD.ua divisor

A natural definition of FD seems pretty easy

f D 17441 faof
However this definition does not make sense if
Im f E suppld as fa of becomes identically
zero on

Notice that if f is dominant then ImlflesuppiD
so we Ian always define ftp



Instead we can avoid in general this problem

defining f D as the class divisor associated to FEDI

Clearly in this case we lose information as we can only
construct a linearly equivalat class in PIEY and not
a divisor in Dirty such as before

Given a dominantmorphism I X 9 a natural

question is to determine a relationship between

Kx and Tky
Theorem Hurwitz Formlal
Let T 9 be a dominant morphism of smooth
projective varieties with the same dimension n

Let Vs be a irreducible prime disor of whose

indge with respect to it is a in prime divisorWs

Let us define the ramification index of Vs as the

coefficient e 30 of Y appearing ore Ws

Let E be the prima divisors of contractedby
it Then Kx Ky EYLEEfor some ti 70

ha effective divisor R is called Ramifications
Isor 0ft



roof Let us consider a global meromorphic section
w exhibiting my as my divini

We can construct an open cover 1224 of 9
such that it there exists an open cover Valsoft
with Vacilla for which

Ta Yoo ITL5 is holomorphic
W Ua ga an 9 where go is mera

satisfying g
detto Epa go on MarUp

We consider the collection 2820T detta ok
and observe that

ftp.t detJtp f2 Tlolet J4paldet1JTp

go.tt detJYapldetJtp Ff
lgxotldet JTal det5Ipa

the above collection of meran factions define

cocycles det SIpa it is a global
mevenorphi section of Kx

Rx di 14920 7 detta



do 129 0 37 divolet Ita
1T Ky bydef ofpullback of a divisor

Ky do Kolet Ita

Let us consider a prime divisor of
and its

image
W by let e its ramifict

index By Loial Normal Form theorem it
there exist a loial shart I Ix Yul

around a point of su il that 1 1 01 and
T open setof opensetof

Xi alta XI XL Xul

det III det exi f exit1
1

e I is the coefficient of V in the divisor
R
Shih Mapst projectivespace
Lef Let D be a divisor we denote by DI the

set of divisors of lin equivalent to D

IDI D dolf 1 from oh



When is compact then IDI comespends to

the projective spare of Ho Ox DI

A learsyste P of is a subspace of
IDI namely the set associated to a vector

subspace W of Ho OxID We say that P is

complete if P IDI

The dm of Pis d'm P d'mW 1

The identification of P as PIM X 0 1011 Ian be
constructed is follows Lets be a global
meram section of TDI Then

IDI PIHYX OXIDI
drift f so

is a bigention when is compact

Def We say that C is a fixed component of P
if it is contained in any divisor D of P

The fixed lo ius F of P is the biggest
divisor contained in

any
divisor of P

Clearly forary DEP then ID FI

has no fixed components



Def A base point ex of P is a point
contained in

every divisor of P

The base locus of P demoted as BS P

is the schemI set of base paints of P

The codimension 1 part of Bs P is the
fixed component Fof P

Tha We have the following correspondence

rationalmaps X P with folk NOT
contained in a hyperplanetaros

trasf

linearsystems Pof without fixedpart
of dimension n

snef Let Pbea linear system without fixedpart
thus P is a projective subspate ofPIM Ox D forsanedivDo Let
W be the associated rect subsp of Pin MIX OxDI
To any EX we an associate the projective

subspace of P of divisors passing on

DEP ED isthe proiettivizationofHiker Fx WEHIX OxD I

where Fx Is 1 for ella



INelice that fa depends by Ha but Kerifal does
not

Clearly if is not a base point then fx is

surjective so Ken f is an hyperplane
We have a Crational map

hheperplanesof W
Hx

However we well know that the setofhyperpl
of a vect spare Vis exactly PIVI

hhyperpl of U PIVY
H berlfl if

This we have a natural map
PIW'I

1 f
whose indeterminacy lows is the base
lo ius of P

We an write this map in coordinates

given a basis so In of W then
I is pop X P

101 1 In I



Notice that Pp X is not contained in

an hyperplane otherwise if

Ppix 42 Eaizi 0

then E a S 1 0 Ke XI Bs x

EX
Σ a S o D so Su is not a basis

Clearly if we change top using another
basis

of W then we obtaingusta map that is a

composition of top with a pres trasf of IP

Conversely consider a rational map
X P that is not contained

in a hyperplane navely His well defined
We notice that ft has not fixed part
because We ran more hyperplane sections on

IP and so their pullbacks on I such that
two of them intersect in a cadim 2 subspace

Finally if Hit Us È then
MI

Hi 41 114 1,1 10113 and
they are live indep global



holomorphic sections of 1 0 111

Pay X In
È D I got allx

iki
Def Given a smooth pres variety X the

map induced by Kx is called
CICALA when

Pg 72

Pax X o pigia
1

A plenilanoniial divisor is a divisorlin
equivalettamultiple of a canonical
divisor

The plen Es of is nkx in
Pic XI ne IN where Ky is the lau class

The play of is Pn 4º X nkx

The plancalmapofx is the

map induced by Inkx 1

Inky X p
Pn 1

The structure ofCanoni al andplicanonial
maps are studied a lot in the literature from
seminal works of Enriques Kodaira Barbieri e ci



4.5 IitakadimensionofaP.LI

nritgDefLetDbeadieser of If

ho X ud o me 2s
then we

say that the Itaka d'm of D
is RIX DI 0

Otherwise we say that

K X DI mix di E molti

La DIX DI EL 0,1 dice 1

Def D lor equivalently its associated line
bualle D I is talled biga

KIX D din X

The The Iitaka dimensionRK IX DI is

the smallest number for which

B e o

Def RIXI K Rxl is called Reddin
dimension of X

EFACT KIX DI is a birational invariant



IMPORTANT In general for a smooth

pros variety

91 1 44 10 1 Pg 1 4 Kx

irregularity geanigenus

Pn hanky ha RCX

hith pluvigens Kodaira die

are birational invariants


